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~: T\lnio« wimulAlioa is . .implified Iura eI
circuit "imul;lliou in wba~b U,e cir1:uil C1lu.\ioo. are
decouplud al cactI nuclc lo lake adyanlar,e of lbc:rela-
tjyC inacliyil)' of larr,.: Ili.till'l nelwork.. (;OI'VI~"' illn,,1
inle,rala~a IIchcme. aVI,liud lo lalhUy-cu'.plcll. bida~c-
lioDal circuil clccncltL'I eiltlcr eahillil III&nific."t
re,ioa. of ia,labilil,. 01' ittaccurac,.. or do Dol provide
the Decc..ar,. Dude decouvlilta. 11115 pap.:r es:tlniltc:. a
variel,. o'f irnl,lical-exvlical b)brid al,oriUlmR. ela!\!;iCic\1
.. .arlaWo-ia-umu or .~ri~blL~in-sp8co. which are .uil-
ablc ror litnloa ..imulaliu", Thc no~lilll capacilclr. COlli-
0100 in UOS circuiLB. i. ..ft~d a. a lc.l problem.

inacc."uracies and even instability during I.he
enat)sw. for lbis rel1»on. .pcciul lechniqu~. mu.l
bc: u~ed "0 process IUC/1 clcrnenls. One such ele-
Inel,l lh;1l has \in,i~.cd t.hc app/ic.lion or liming
'::;n./)'Ai~ i. the noalin~ c4pacil~r [8].

I. tNrnOUUC'I10N

W'hilr: circuit. simuaat.ora (e.g. [1].[21) can pro-
vide Bccurftlc lime.doll\ain currcnl and vollace
wavefornls from a device lev~l descriplioll of ISn
int.elrat.cd circuit.. as t.hc si1:e or t.he circuit.
increucs the cost 3nd memory rt:qui:-cm-:nls or
such an analy~is bccomc prohibitive. Fur sn1811 cir-
cuits. t.}l~ $iinillat.ion time i. IcncraUy dolllin\1led
by lhe limc rcquircd La cv~luale dcvicc mcdcl
equalion:. [3) but. a. circuit. size i:1crcascs. 01" if
more efficienl modclinl lecilniqucs Are UKt:d. an
increasina rraclion of limc is .ponl solving lb.sparKr!-matri.( circuil equalion~ II). .

Timinl limulalors decouplc the ci:-cuil equa.
lions using nonlinenr silnullaneuufl dlKplacelnenl
[4) or succca~i\"e diliplacc'tnent [5).(61 melhod.,
f~r nlosl circuils. lhiK dccouplinc nl8irilAinK a
linear rclaliollship bcl a-ecn lhc nutnbcr or circllil
elenlent~ anti the ximulatiOll tUf1t' requirt:d per
tilnepoil\l or lhc nnnl:!~is. ,\n ilddcd ,.,1vanluge or
lhc decoupl~d .lnnly~i~ is t.l1nt. ever:l-drivcn Hclec'-
live trace "I~nrilhtn~ may bc uscd I:i\~ily and
indcrendent. cunlrol of t.ilc limc:«lcp ilt ~ny nodc or
thc circuit is elHo poli:ciblc. Thcse tcc~lniq"cs Clitl
provide lub.,lllnUal pl\vin.-s in large digilal circuits
~'h~re orlen only a sln.ill rrocliorl or UIC circuil
nodes are actively chan"ing stal~ nl anyone lima:

[7).

2. ALGOIUTIIKS "Ol~ fI..OA-nXG CAP,\CITOI:.c;

rloaling capacilors play an im:>orlanl rol~ in
lhe o"aly.a& of ~OS circuals. Often. lhe aolulion of
nclTlorks conlainlnl arbitrary inlerconnection~ of
a larle numocr of fioalinc capacilcrs a. rcquirl..!' .
Such an analysis pcrrorlncd wil~ oreJin.ry in'p;lir:il
melhods [9] wuuld lie exlremely lilnc conllurnir.g.
b~cause il rt"rJuires lhc solulion or .. .::l or eq\...l-
lion21 at cach limeslc'p. The u.c nf c~plicil nlcLhod~

. ,
..oultl rcdu':e lhe compulftllonal elrorl. bill
reqL1ircs amnii 8lepaizc for .t.abilily reason". The
use or mixcd implic:ll-e~plicil l\lgorllhms rcduc.c~
lI:c t"ompulalional erCort anrt allo--~. under cl.rlftin
condition., lhe choice of oplinlal Slfpsi2.c wiLh
regard lo accuracy conaideralionK '..hile .:1~urinl

slllbilily.
Two classes of aalRorilhms ftre deltCrib~d here

and referred lo &.~ "varinbie-in-ipace" and
"vari4ble.in-lime" alGorilhma. \Te define an nllo-
rilhna lo bc "vi1r:ablc-in..pace.' if dUCerenl typC8 of
inlclrallon (implicil or explit:il) dre URcd Cor
dilr~r,=nl colnpooenls of lhe circuil at lhc: same
limcpoinl. Wc dcfinc an algoriLbm Lo bc "vurillble-
in-lirnc" iC dificrcnl lyre. of inlegralion arc: 'Ised
for lhe --holr circuil a!. dilrerenl licrlcp~inLs. In ll,~
genc:-ttl case an algoril hm con hc bolh vtlrinblc! in
vpacc and lin~e nnd rtif!"erenl lime:sleps arc. uscd
for ir:lplicil and explicit inLe£rallon.

In l~e circuillhal we upe lo lclL lhc: alloriLtam
--e suppave ..ltaL caput"ilor. and colldut"Lan\:ca are
iUleftr for ea.c of provi:1g fllloriU,mic propc:rLic...
F or ~OS circuiLft. whcrc: c:ach node is "ss'lmcd lo
have a copa~ilRltce Lo groulld [?]. I.he nodc equ8-
lions ftre olLbe form:

Cz=Cz a-(0)=%1 a-t.JI- C.C:rR<---1 (1)

~.her... % is lhc veclor or nodc vollo1~C!.. £q.( t) ~an
be rc:*rillcn in norrclul rcrrn{ to]:

.i~A: Al.P.(~.-) {2}

A OIlajor drDwback wilh the use or tuning
analysis is that. ligh:.ly-colJplcd fcccb:\ck loop~. or
bidircclional circuil clc mcl,la, cl\n t'I\UKe sc\erc



(n) loCl U8 conaidcr fir»l lhc most 8implc yol-
lagc gucss melilod. loel us use DoE. inlc::r..lion.
8ubslilule lbc c(\napianion modcl for capacitor. Olnd
ilppl)' nodAl .1 lI.al)'~i" lo lhc circuit of rig (I). [I)'
l3kill~ A =C-'C in Eq.(4} alld rnulliptyin~ bolla

mcrnl,,'r!' by { .e obtain:

,. C
[ I;J.I'.., = - r. (8)" "

OT more cxplicit.ly:f ~C +C \. . -
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and llac companion mnlrix is
11, = .

, 1£.a!'~'I+C~+ "
c,

-Ca--,..

wit.h ".C-1C. In order lo xludy pt.nbilit.y. we ft~~oci.
ale lo ...;sch ulgorilhm a c:omp;snion (lluL11X .\(tll(,,"'1
such lhi,l:

%'.p=M~z. (3)
Then lo ens\;rc: slabilit.y of the :nelhorl we r...quirc
the ~pt'ct.rul rradius 1 1'(1/~)~1 bcing uti eicc:\vnluc8

of nlodulus ululy si/llplc ( II J

Thcre arc two bAsic- app:-ouche~ to "vari:.blc-
in-space" algorilhn,s. "p5rlil.ioning of Yllrialllt::c" or
"iuess' or varlnbles". Thc follner requir~s U" Impli.
eil inlc8ralion on Q subRe!. or variablca and ftrt
explicit inlcdrolion ror lhe relnair.il\A ona:s [121.
The ~ltcr ia baaed on the luess ill .lcp L + 1 or
Bome quanlilic. wt,icl\ arc rcldled to t.ha v:1IIJCB
they hud al thc prcviou~ sle?s k,A:-:.,...A:-q. Irllhi.
paper ..e conccnlroLc on lIlC "~uess of yurlables"
mclhod. Suppo~e we are inle.:ralina lhc scl or
equations delinad b~ Eq.('l) using an Implicit.
met.hod such as Dack"i1rd Euler (U.E.). Al edch
Ilep we have lo solve lhe lincnr syst.t~rr.:

[/-M),r.4;:1=z. (.)
To solve Eq.(-1) w~ nc.:c.'d B L.U. fclclori7:alioil or
(/-M). which is vc:-y time col&aul:'1inl if w( arc
dcaliril willI a InrKe syslem. Lel us dcconJpt,se A
into l,he ~um or .lwo matrices

A~,+A, (~)
hem, A, either lower or upper trian&ular. Eq.(4) i~
equi~alcnt to

(I-A, Iz..: = z.+A"zt.1 (6)
If we make the "~uess" A'Z:..I=A"r~ we musl 801ve:

(/-"-4, )Z..I=[I +1&..1. )z. (7)
...herc we do nol need ar~y factorization si:Jce
[I-M,) is lrianlular. The companion matrix is
M 1=(/ -hA, )-1[1 +11.4. J. . .

We wUl no.. re~!.rict O\.!" analysis to the unit.
ceO which n1odelfi - ~OS transil:.or ror liming
analysis. from lhc circurl pClinl or "'ICW wc car,
refer lo voil.,~c auess n\clhods and r.:urr:enl guess
methods:

The mclhod is absolutely stable for the test circuil.
fi&.(2) slaovrs lhe fool locus I1nd 3" fools slay
wilhir. lhe unil circle for 1\" values of elrcuil

paralnelers
If C, and Cz are sn1~U wilh respecllo C~. C~>O

and. lite slcpsizc i. incrca5cd. a pair of comFlex
et)njugalc rools appC:iJrs. These ro\)ls rnay cuusc: an
Mcillol.ory error eoCT\ponenl in lite rc:iullinc circuil
,,'ave.'orCils. and therefore dcgrade lhr: uccuracy of
lhe alll\lysi~. As il enll bo seen rrotn lile root locus,
lherc e..isl. a crilical miAxi"lum lillle3lrp hc",
under Wi1ich lhe rools arc: rcal and Llle sohllion is
accu.ale.

(b) Anolher vollnge lue~s mellaod described in
[8] can be achieved by deco'.Jplinl Eq.(U) by lakine
the ,"allege al nodt' (2) onf! slrp bnek ill lime lo
solvc lhc flrsl equnlioll. 1bis correspullcls lo &ue%:~

-C1
c

,-,-' h

C,+C,i .<E_'~
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FiI:.3Rooll«ul for W.lhod (b)

VA.'. a :'11.'+ ~ (-C: ".'.a +if.a) (1 t)

4P - i ~'.....a -
,,~c limplcal predictor "e con use i. 'it.a =it "~erc
I. is thc calrrcnl cortapuled rron the circllil cqun-
lion I\l ...imellcp k.. Anolhf.r ntelhod ~anKi~l~ or
prcdiclinc lhe vollar.c on lbc ftcalinK clemcnl v/.a
by "acans or a forward Euler (F.E.) inlcgraliun slep
and then soiving ror 'it.a. Al cactI limc.le p lhc
currl:nl ~ it: cvalualed and compp.red wilh. it. Ir
i ik -ill >c lhe ~tcp is rc;eclcd and .:r is computed
alai,.. wilh smaller Ilcp!i7:e. A morc formal \Yay of
viewi~ lhe problcan ift lo use modified ncdol
al11\Iysis for lhe circ:uil u.lna i as ~ppend~d vari-
able and lucssing ill value ." cqul\llo the prcvioul
onc. Usinl B.E. al lhco inlecralion rule. we oblain:

0 00

l+hE.!
C.

0 0

C2 --1.1+"-- CC. .
-1 0

0

.-1

0 0 --1-
c,

10.!.
C.

0 1 .!

".-'---
f~.2 Root 1.0<:,,1 rot' Uelhod (a)

C311.'., = C3\'~' and cun~idcrip& lhe cur!.'::1l i
tbrollgh lht: no.t.ing carnciLor OIS aivcn by

~;! [(I.'t'.. - Ii.' ) - ("t' - 1.'.2-1 »). St.abllily con~itll'ra-

lions at'e .Imitnr Lo melhod (a) '-houlh ril:i;in&
nppc."trs in the C08( C3=O. und 1Ic.., hR. diCT,'rcnt
values. F'ig(:!) ~ho\l;. the fool loculf ver8US II. for
diCTercnt. valucs or t.he !1oatinl capacit.tlt'.

(c) To avoid t.he rirliinc In ..hc aolulion. given
by met.hod. (a) and (b) we can perform a 6° called
"double cro!:.ed voltale gu~~s". ".e refcr ncw to
Eq.'8(2).(4) alld (5) apptied lo t.he lcsL circuit.. Tile
met.hod hus two 8t.CpS. rnodclecl U8 Eqo(6). In t.hc
firsl one. At s AI Is lower triang'Jlat' And t.he guess
A" vf.. = A, IVt: is ust:d jr. t.he fir:ot. equat.ion Lo solvc
for "t'.. and &It.l. In It,e 8f!CO11d step A, = ,,~ is
uppcr triangular end tone lUCKS .~I"'t'.Z - A,.Vtl.1 iK
u~ed in lhc 8econd ec-.tJalian to solve for
1It'.2 and ",1..0 :"fhe comptonion matrix is :

0 Nz-(/-M.)-1 (I+M.~) (I-M,J-I (/+M.,J (10)

The method iH stable for the lcst circuit nnd the
eigenvaluci nrc real for all vnluc$ of circuil par;,m-elers. .

Now wc consider c\Jrrcnt IUC.K~S.

"(d) The: t\rsl approach Is lo remuve the naalinl
elcmenls and subslilu'.c thC'm will. a current
sourcc. whose viSlue is delcrmincd by an ~xplicil
predictor. nor:. inlelCr"lion .t:hcrne ill used f'lf" not!(!
voll8Ie~. anl.l lcads lo I.hc .el uC d\:co\:plcd cquu-
lions:

.9..00
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. rorno ringing

Table 1. Sl~bi1ily and accuracy or guess methods

implicit step .-ith step,i~c h. rollowed by an expli-
cit one with stepsize hI '!'he companion matrix is:

1/.=[1 +hl") [J'-htA J-I (15)
By thc Ipect.ral mappin& lhcor<:m [13]:

l+h ~
v(M.)tl-"~' IAca(A)1 (16)I-htA .

and slabilily i~ cnsurcd if p(JI.) < 1. The aigorilhrn is
stable ir:

~.ReA'-h/> l -'.- IAcg(A) (17)

~I

This condition rl:quires the knowledlc of Lhc ciicn-
vatucs ~ of" . Jl is casy Lo see lhal by lhki"«
ht~h/, condilion (17) is always sillisncd, prcvilJcd
we dcal wilh G alftblc sysLem. As a Curlhcr gc:ncrali-
zalion of Lhis class of all~rilllnls lel r inlpliciL
sLep! wilh slcpsize h./ be mixed with. explicit
slept with stepsize hli' where .+r=" onlJ s, r
coprinle. In lhis case:.

n(l+hISA)
a(JI~) = 11-71--:-- I Aco(A)1 (18)

n(l-htsA)
/-1

and !labllily i~ ensurcd by p(M~) < 1

3. SUM.\i.\RY

This brief overview oC mixed nlsorilhm. is C"r Cram
exha..J~live. !ls purpo~e is unly t\J roinl oul lhc
palcllliol rl:ducl.ion in lolol canlpululiona! elTorl
provided by lhe~c Inelht~S an-i the rcl"led
slabllilr problems. Thc sllibllily analyses n,usl bc
exlcndcd lo h'lore gcnerill nc-lworks lypicftl of Inrlc
inlc,rnled c,rcuils. At prC'~':nl. SUrllC cC lhc olga.
rithms are urldt:r lcal in a llmin;.. si""Jlalor and will
bc ulcd Cor t.hc uniJlysis of Jilrgc MOS circuilti.

then:
A&r_.1 a [1+.4,)%- (14)

and J/=A,-I [1+A,J. Thc atability of the melhod Is
Dol IIlTected by the vi11uc of C~. bul the .lepNi7c
must be larler thftn a crll:cal value. The major
drawbacks are larecr matrix dimC'Mion and the
loss of accuracy if " i. forced lo be larlc. This
michl lead lo the los8 of h:sl lransic:nls ~.hcn C 1
and C, are small with rcsp~ct to Ceo In thc casc
C3=0 oDly thc ,ue.. ill.. 1 . iI_t i. performc~ which
corrt:~ponds Lo lucssin~ Lbe currenllhroueh Ct.

As a final remark. for the currenl-iues.
nlelhod. il .hould bc .,oin';.ed oul lhol lh~ bcsl
slralc~y as far 115 SllihiJlly snd accurllcy arc con.
cerned is to Ruess th~ curreri! throush thc ~mal-
lesl capocilor.

Thc followin~ lablc ¥ummuriZCM slabilily con-
sideralions for Llle mcUIf")d~ dc~cribcd nbovc. .

Nexl we focu8 our attention now on lho
"variablc-ul-limc" algorilhln8. "Variablc.i:t-lirnc"
algorithms hove the odvorllagc uf reducinr lhc
lolal Jlumbc:r uf ilnplic~il irll.cJ;rulioll slt"p.'l Iind
lhcrcfurc lhc number of' fnclorizollions. In lhi.
case wc collibinc a Klricl1y ~lablc aJg.orilhnl (I).E.)
,,'ilh fin c~plicil OJIC (r.t:.). \\'e rcfer now lo i-;q.(2)
and conllider firsi illc c:,,~c whcre we hftvc eAch

The melhod haa provcd lo bp unstable Ir C~ is large
.-Ilh 'rewpecl lo C, and Ca, bul slabilily does nol
depend on slepsizc.

(e) We now lake ftdvanla~e or lhe possibllily or
compuling -exaclly lhc timc derivalives or lhe nude
volla~c:~ at. each limcstcp aatd add lh~sc eqilftlionK
to the intccrali,ne equalio:'Is ror "otic vullal:c.~,
Us in, D.E. if!legrlllion I.:helne ror lhe leal circuil
or Fra:(O we oblam:
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