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Logic Synthesis: Unable to Impose
Hierarchy and Structure
e Logic synthesis tools

e Local optimization via Boolean minimization
e Lacking for arithmetic circuits

ab(a +b) +ca+c » a+C

e Architectural transformation
e Not with logic synthesis

Our contribution
Ripple-Carry Adder » Carry-Lookahead Adder
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Leading Zero Detector (LZD)

e Finds the position of the most significant non-zero bit

Xp = A58y - Ars 2@ 5-6-1)3 1540

Large fan-in
dependencies

X; is TRUE if (i+1)™ most-significant
bit is the leading non-zero bit

a a, a, a; a, a 4,

I>

( :15 :u a-u)

(Xy + X3 +Xs + X2 + (X + X+ X+ X4+ | [( X+ Xs +Xs+ X, 4 (% + X9 + X0+ Xy, + * Convert X| to d
Xy + X)) + X5 +X)5) Xio+ Xy + Xy + Xi5) X+ Xz +Xig + Xis )| | Xz + X+ Xug +Xi5) binary number



LZD: A Better Implementation
[Oklobdzija94]

e Divide 16 bits into 4 blocks

e For each block compute the following:
Position of the most significant non-zero bit
Control bit V; is TRUE if at least one bit in this block is one

e Similar in principle to
a a, a; a, a; a; a, a a, ag as a,y as a a, a, Carry-IOOkahead
addition

V, :a:s+2a,+ V, :a,+a,+ V, :a,+a; + V;:a, +a, +
a;+a; a, +a; a: +a, a, +a,
Poo: 15850 + Pio:anan + P.o: a-as + P.:a.a, +
asa,aa; a,a,a,a; a,a;as a, a,aa a
Po:a,-a,,a,; + Ph:a,a,a + Lla, a; as + ta.a, a, +
a,:a,,a,;a; a, a, a a; a,a; as a, a.a, a a,
\\_\\\ ///// Red d fan-i
Zo : V,P,, + V,V,P,, + V, ,V,P,, + V, V, V,V.P,, educe an-in
Z, : VoPy + VoV, Py, + V, V,V, P, + V, V, V,V, Py, dependenC|eS
Z2 1 VoV, + V, V. V.V,
z; I V,V,V, +V, V,V,V,
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What is the Bottom Line?

(:I.Sa'l.‘) (Exs ay, a;;) (E.s a. ;133-12) ---- (& Ehn &g 000 Ch a,)
Zg z, z, Z,
(X, + X+ X5+ X, 4+ (Ko + X3+ Xs+ X+ | [(Xg+Xs +Xs + X + (Xe + Xo + X1+ X1y +

Xy + Xy 4+ X3 +X5)

Xio+ Xy + Xy + Xis)

X2+ X3+ X1g + Xis)

X2+ X3+ Xig +X5)

!

0.30 ns

!

!

0.36 ns
(426.8 um2)

a5 a a; a; a; a, a a; a, a a a, a; a a, a
Vo tas+a,+ V,:ay+a,+ V,:a;+a; + V,:a; +a; +
a;; + A as +a; as + a, a, +a,
Poyo: :15 a, + P,o: ;u a + Py a, as + Py: ;: a: +
:].5 ;u :LB a,: ;u :10 ;9 ag :7 ;s;; a, .;-3 :2 ;1 ap
Po:asaa; + Phia,a,a + P, :a,a; as + Py:a,a; a, +
a-15 au a-13 a,; a-u am as ag a-'l as as a, 53 a.z al a,

(392.3 pm2)

16% faster, 8% smaller
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Outline

Related Work

Architectural optimization
e How to impose hierarchy?

Properties of Algebra
e Ring structure of Boolean expressions

Progressive Decomposition Algorithm
Results

Conclusions



Related Work

e Manual approaches for optimizing circuits of interest

e The entire field of computer arithmetic
Great ideas by really smart people!

e Algorithmic approaches for a particular class of circuits
e Variable group size CLA adder [Lee91]
e Irregular partial product compressors [Stelling98]

e Heuristics to optimize general classes of circuits
e Kernel and co-kernel extraction [Brayton82]
e Architecture exploration via exhaustive search [Verma06]



Input Condensation

Leader expressions:
e Sufficient to evaluate the whole of an expression
e Once you evaluate them, you can discard the input bits

IN IN

‘ 8-input parallel counter *
® LRader Expiossione]_—

N L] < |IN|
FA FA oo
e Smaller Circbit
o RS 4 (tegder EXpressions)
OuT Recursively compute  OUT

leader expressions again
Compute all leader expressions in parallel



Hierarchical Circuit Construction

YYVYVVVY VYVVIVYV _VYVVVVYYV _VYVVVVVY

vV Y vV Y vV Y # v
/// \\\
K /“
VY

Theorem: Thée dytonex@lvsysrgenstalimdisngo circuits
that have an "dffeckiv¢cointipesalgoetinty
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Reed-Muller Form

e XOR-of-Product Form
e Better suits arithmetic circuits
e Forms a ring under the operations XOR and AND

e Boolean properties exploited by our algorithm
Identities
Null Spaces
Linear Dependence

e Before
X=[ab,+ (a;+D)agh,]

@ [(a;, @b, Daybyc; +cya,®by(c;, + (a, Db, Da,by))]
o After

X=ab,®aa,by,®abb, ®a,c,®b,c,®ab,c,®ac,c,®ayc,
@ ayb,cy®aybycy ® bycyc, ®abye,®byb,c,



Progressive Decomposition:
Algorithm Overview

VAT bbby bbedddd

i \
HHH

e Find leader expressions
o CheprfrieWRsHoBlclPHR P Poperties
¢ Hay E@Wti@§57

o RewrbeisaptpenEaihadhitsnenexmessions




Finding Leader Expressions

e Similar to kernel extraction in algebraic factorization
X =ad® aef ® bcd ® abe ® ace ® bcef L(X, {a, b, c}) =7

X =[4¢® bc)d ® (a\® be)&f ® (ab @ ac .
X_fi ii( @LX EX@Y)& A\)\\ Leader expression of X
=/(¢ @ bcl(d @® a o
using inputs {a, b, ¢}

{(a, d), (a, ef), (bc, d), (ab, e), (ac, e), (bc, ef)}

e

{(a ® bc, d), (a ® bc, ef), (ab @ ac, e)}

» e d

{(a® bc, d® ef), (ab® ac, e)}

afy @ Py —= (@([ED )
Sepabite expuersioaans: (dliosph (Bopkresérinpu bits

12
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Hierarchy and Circuit Structure

X=ad® aef ® bcd ® abe ® ace ® bcef
L(X, {a, b, c}) ={a® bc, ab® ac}
s, =a® bc

Cc

s,=ab® ac ab def
fi=nlll
X=5,(d®ef) D s,e I ll

|

N

< +—



14

Example: Ternary Adder (37 Output)

X=[ab,+ (a;+D)agh,]
@ [(a;, @b, Daybyc; +cya,®by(c;, + (a, Db, ®Da,by))]

L(X {a), b, c)}) ={a,®b,®c, ab ®bic,®ac

sum carry Carry-save adder
a, bycy, b, %Obloaco c; ¢

RigpleQpmssatder

Ripple-Carry Adder
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Exploiting the Null Space

e Null space of P, N(P):

e All expressions that satisfy PX = 0
X = altcc®d)) Dspcd B) &y dBitre JEedee @ de

KX {4, BT aabs aaPeb)

X=(c®d)(s, el @pds, D esy @ b > 5 ENs)

K )2 R B

L(X, {5y t,}) = ?tz = cd

th=c®d » , EN(t,)

{(s,,t;,De), (1,5, De)}
{(5,5,®Dl;,De) (1,5, D& e)}

Lo

{(5,D1, 5,1 De)}

Combine @xpressions:

(1)

(), (B, ) = {(a@p,y)f
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Linear Independence

e Linear dependence
e Between leader expressions
e Or between their corresponding coefficients
e Rewrite some elements in terms of others

[a®b b®c gl ———b  {a®bbDc
c®a=(a®h®(b®c)

o LZD
e Initial basis: Vo Pop Por Vo® Py V@ Py}
e Reduces to: Vo Pop Poif



/-bit Majority Function

e Returns 1 if at least 4 bits are 1; 0 otherwise

L(X {a, a, a; a,}) ={s;, 55 53 5,
s, =a;,®a,®a;® a,
s,=a,a,®a,a;@a,a,®aa;®a,a,®a;a,

S;=a,a,a; ®aa,a,® a;a;a,®d a,aa,

g?’jzeaﬁ(%ij s;EN(s)  s,EN(sy)

dy, d; a, a,

S3 =815,
4:3 Parallel
Counter

Sy S, 8
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a,a,a,3,

L
N

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110

2O 0 O0O 00O 00000000 O0o

c>ﬂ)c:c:c:ﬂ%<3‘:>c>c>c>c>c>c?

ol- c>c>-Akj OO0 0O a0|w

1111

OAAAAAAdAAAOAAOONm




Propagation of Null Space Information

X=apDbpDcpDaxDay® by Dbz®Dcx ® cz {az=0,bx =0, cy =10}

L(X {a b, c}) ="

{(a, pDx®Dy), (b, p®y® z), (c,p ®x®Dz)}
{(a,pDxDyd2z), bL,pDxDy® z), (c.p®x®z))
¥ T ‘/fﬁ/igM@

{(a@b,pD@x®yDz), (c,p®DxDz)/ (¢, pDxDz))

(Db, pDxDy®Dz), (c,p®xDydz)}

Ve

{(aDDLDc,pDxDyDz)}

X=a@®bDc)pDxDyDz)
L(X {a, b c})={a®b®

Combine expressions: {(c,v), (B, v)}—={(cc®p )}
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Experimental Setup

Circuit written by hand

Sum-of-product form

v

Progressive
Decomposition

Synopsis Design Compiler

- compile_ultra

Artisan Standard Cells
UMC (0.13um)

- minimize delay
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Results

TGA

DesignWare

carry
(A-B)

;

CSA

3 Unoptimized
mmmm Progressive
decomposition

mmmm  Manual
implementation

T T T | T

3o, 15, 6. Z Z z
16‘6/'[ eb/l“( b/t/h 65,03 6‘6/'[ 5\6/.1“ 2\6/1“3
{2 Op Mgy, Ty, g, G .
(//70 . U’)f Or
[70/7 &r
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Conclusion

e Progressive Decomposition Algorithm

e Arithmetic circuits
Previously, hard to optimize
Expert ideas can be generalized and automated

e Automatically infers successful circuit designs from the literature
Carry-lookahead adder
Structured LZD circuit
Carry-save addition
Parallel counters

e Long-term goal
e Replace manual circuit design with automated tools



